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Abstract 
This paper will present an alternative approach to modelling spatially correlated proportions called beta-
binomial kriging. The model adjusts a simpler model, binomial cokriging, to more accurately model latent 
beta spatial random fields as a function of observed sample proportions. Beta-binomial kriging is 
relatively simple compared to other models, and provides accurate predictions under a wide variety of 
circumstances. The approach is ideally suited for problems in epidemiology and spatial ecology where 
underlying probabilities of a phenomenon are of primary interest. The modeling approach will be 
evaluated using simulated spatial data. 
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1. Introduction 
Spatially correlated counts and proportions appear in a variety of disciplines, such as natural resources 
and epidemiology. Various models have been proposed to analyze non-normal spatial data. Binomial 
cokriging is one such model, first proposed to predict the underlying spatial rate or probability 
distribution based on observed sample proportions of a rare disease [1]. The model has been applied to 
the analysis of childhood cancer rates [2] and used to develop a test statistic for cancer “hot spots” [3]. 
Poisson kriging was proposed in 2006 to model spatially correlated counts observed over 
heterogeneous areas [4]. This model used a weighting scheme to adjust the relative importance of 
observed counts to favor those taken over a larger observation effort. Binomial cokriging includes no 
such weighting effort, which may assign over importance to locations with a relatively small sample size. 
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This paper will present an improved model for spatial proportions, beta-binomial kriging, which may 
provide better estimation at small sample sizes. 
2. Proposed beta-binomial kriging methodology 
2.1. Variogram estimator 
Let the random field ܼ௜  observed at spatial locations ݏ௜  have the conditional distribution 
ܼ௜ȁ ௜ܻ̱ܤ݅݊݋݈݉݅ܽሺ݊ǡ ௜ܻሻ. The probabilities of success at each location, ௜ܻ, are spatially correlated. Given 
the latent probability ௜ܻ, the spatial marginal binomial variables ܼ௜ are then uncorrelated. 
Further assume that ௜ܻ̱ܤ݁ݐܽሺߙǡ ߚሻ, with spatial correlation structure ߑ௒ . Then the beta probability 
distribution has the following properties: 
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Both the covariance function ܥ௒  and variogram function ߛ௒  depend only on the distance between 
spatial locations ݏ௜ and ݏ௝.
Using properties of the conditional means and expectations, it can be shown that the theoretical 
variogram of the observed binomial proportions ߛ௓  and the variogram of the latent beta probability 
distribution ߛ௒ have the following relationship: 
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An appropriate estimator for the latent beta spatial variogram ߛ௒  should then be a function of the 
estimated spatial variogram of the binomial proportions, the estimated parameters of the latent beta 
distribution, and the sample size at each spatial location. Our proposed estimator for the latent beta spatial 
variogram ߛ௒כ is: 
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Here ॴௗሺ௜ǡ௝ሻ̱௛ is an indicator function for distances between points ݏ௜ and ݏ௝ in lag class ݄. The factor 
ܰሺ݄ሻ represents a modified count used to adjust for the weighting term ೙೔೙ೕ೙೔శ೙ೕ.
ܰሺ݄ሻ ൌ෍ ௡೔௡ೕ
௡೔ା௡ೕ௜ǡ௝
ॴௗሺ௜ǡ௝ሻ̱௛
(3) 
The weighting term ݊௜ ௝݊ ሺ݊௜ ൅ ௝݊ሻΤ  is then used to assign more weight to spatial locations with a 
higher observed sample size ݊௜. The greater the number of binomial samples at each location, the smaller 
the variance of the observed sample proportions. The variogram estimator can be further simplified as in 
Equation (4). 
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2.1.1. Comparison to binomial cokriging 
In a 1993 article, Lajaunie introduced a similar method for estimating underlying probabilities based 
on sample proportions: binomial cokriging [1]. The sample proportions were modeled as “covariates” to 
the latent probability field. The binomial cokriging variogram estimator, using the previous notation, is: 
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There are some key differences between the binomial cokriging estimator (5) and our proposed beta-
binomial kriging estimator (4). The beta-binomial kriging model explicitly assumes that the latent random 
field is spatially correlated and follows a beta distribution. This puts an additional constraint on the 
estimated mean and variance parameters, ߨො and  ߪො௒ଶ respectively. This constraint strictly bounds the latent 
probability field between [0, 1]. Binomial cokriging does not require this constraint, and instead uses the 
sample mean and variance of the binomial proportions to estimate ߨො  and ߪො௒ଶ . Additionally, the “bias 
correction term” in binomial cokriging is a constant value. This constant correction does not account for 
sample size differences in the individual sample pairs, instead the weight is estimated using the mean of 
all sample locations. This may in fact be an overcorrection for some lag classes or sample pairs, and an 
undercorrection for others. Using beta-binomial kriging, each point is weighted individually compared to 
all other points, allowing for more precision. 
By placing an additional model constraint and weighting sample pairs of observations individually, the 
proposed beta-binomial kriging estimator will hopefully produce more accurate parameter estimates and 
smaller prediction errors. 
Figure 1. Six different beta distributions were chosen to reflect a variety of potential 
probability distributions.
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2.2. Kriging equations 
For any new spatial location ݏ଴, the value of the latent beta distribution ଴ܻכ can be predicted as a linear 
combination of the observed binomial sample proportions ܼ௜ ݊௜Τ  at the observed locations ݏ௜ , with 
weights ߣ௜.
଴ܻ
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௡
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(6) 
The weights ߣ௜  should be chosen such that the predicted value ଴ܻכ  is unbiased and has minimum 
variance. It can be shown that the optimal kriging weights for the beta-binomial kriging model satisfy the 
equations: 
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where ܥ௜௝ is the covariance function between spatial locations ݏ௜ and ݏ௝ and ߤ is a Lagrange multiplier. 
Parameters from the estimated beta-binomial kriging variogram should be used to estimate the covariance 
function, and ߨ௒ and ߪ௒ଶ should be estimated from the fitted beta distribution. 
3. Simulation results 
A simulation study was conducted to evaluate the parameter estimation and prediction performance of 
beta-binomial kriging. 500 scenarios were generated under 18 possible conditions. First, six different beta 
distributions were chosen to represent a variety of potential probability scenarios, both skewed and 
symmetric. The beta distributions chosen are pictured in Figure 1. For each beta distribution, three 
possible sets of sample sizes were considered. For the “small” simulations, sample sizes ݊௜  at each 
location were randomly selected integers between 2 and 5. For the “medium” simulations, sample sizes 
were randomly selected integers between 10 and 20. For the “large” simulations, sample sizes were 
randomly selected integers between 50 and 100. 
3.1. Simulating spatially correlated data 
Data was simulated using the Normal-To-Anything (NORTA) method described by Yahav and 
Shmueli [5]. This algorithm was originally proposed to generate multivariate Poisson data, but can be 
used to generate spatial beta-binomial random data starting from a normal distribution in three steps. 
1. Generate a normal random field, ௜ܺ , with spatial covariance matrix ߑ௑  and covariance 
function ߛ௑. For this simulation study, points will be generated to form a very dense spatial 
grid on a ʹͲ ൈ ʹͲ  random field. The spatial correlation matrix here follows a spherical 
distribution with nugget effect ߬௑ଶ ൌ Ͳ, spatial sill ߪ௑ଶ ൌ ͳ, and spatial range ߶௑ ൌ ͳͲ.
2. For each point in the spatial grid, use the cumulative density function (CDF) of the normal 
distribution ߔ௑ሺ ௜ܺሻ  to transform the normal random field to a beta random field, 
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௜ܻ̱ܤ݁ݐܽሺߙǡ ߚሻ. The transformation is accomplished by finding the value of the inverse beta 
CDF ߌ௒ିଵ that corresponds to the normal CDF. 
ߌ௒ିଵሺߔሺ ௜ܺሻሻ ൌ ௜ܻ
(9) 
Since both distributions are continuous, the transformation is one-to-one. This yields a beta 
distribution with spatial correlation structure ߑ௒. This dense spatial grid serves as the “true 
probabilities” for evaluating the kriging predictions. The spatial correlation structure of the 
new beta distribution is still spherical with nugget effect ߬௒ଶ ൌ Ͳ , spatial sill ߪ௒ଶ ൌ
ഀഁ
ሺഀశഁሻమሺഀశഁశభሻ
, and spatial range ߶௒ ൌ ͳͲǤ
3. Randomly select a subset of spatial locations to sample, with randomly selected sample size 
݊௜. At each sampled location, take a random binomial sample ܼ௜ȁ ௜ܻ̱ܤ݅݊݋݈݉݅ܽሺ݊௜ǡ ௜ܻሻ. Then 
the random variable ܼ௜ follows a spatially correlated beta-binomial distribution. 
Figure 2 illustrates the data generation process for this study. 
3.2. Spatial parameter estimates 
Parameter estimates were found using the ‘geoR’ package in R version 3.1.1. Boxplots of parameter 
estimates for the spatial nugget, partial sill, and spatial range are shown in Figure 3. All 18 simulation 
scenarios show a few outliers, indicated by black dots in the boxplots, which is not unreasonable with 500 
simulation runs under each scenario.  
The spatial nugget effect should be zero, and is well-estimated in nearly all simulation scenarios. 
Scenario 1, which represents a “bathtub beta” distribution at small sample sizes shows some tendency to 
overestimate the nugget effect. However Scenario 1 is also the most variable distribution considered, so 
this is to be expected. The spatial range, ߶ ൌ ͳͲ, is also accurately estimated using the beta-binomial 
kriging model. 
The spatial sill varies for each beta case. In Figure 3, the variance of the underlying beta distribution is 
indicated using colored dotted lines, with each color corresponding to a different beta distribution. The 
estimated spatial sill is higher for all simulation scenarios than the theoretical beta distribution. This is a 
Figure 2. The NORTA method simulates spatially correlated proportions in three steps: (a) simulate a normal spatial random field; (b) 
use the cumulative density function to transform the normal data to a beta distribution; (c) use the generated probability at a spatial 
location to generate binomial random samples.
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result of two phenomena. First, the spatial sill and spatial range estimates tend to be linked: higher ranges 
lead to higher sill estimates. The spatial range in this simulation is relatively high at 50% of the 
simulation grid, hence the spatial ranges are slightly high as well. Second, the spatial proportions are used 
to estimate the parameters of the underlying beta distribution, which in turn is used to estimate the spatial 
variogram. This additional estimation step inflates the variability of the spatial distribution. Unfortunately 
this is unavoidable in practice, as parameters of any latent probability distribution are inherently 
unknown. 
Figure 3. Estimated parameter values for the spatial nugget effect, range, and partial sill using the beta-binomial kriging 
estimator. Beta distributions are each represented by a different color, and the sample size increases from “small” to “large” 
from left to right. Parameter estimates are relatively accurate for all simulations, with smaller variance at larger sample 
sizes.
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3.3. Prediction errors 
Both beta-binomial kriging and binomial cokriging were used to make predictions along the dense 
spatial grid at each of the unsampled locations. Those predictions were compared to the simulated dense 
beta distribution to estimate the prediction error at each location. The mean squared prediction errors 
were then calculated for each simulation run. Figure 4 shows the mean squared prediction errors (MSPE) 
for both methods. In 79.4% of simulations, beta-binomial kriging produced smaller mean squared 
prediction errors than binomial cokriging. In cases which binomial cokriging had the smaller error, the 
difference was still relatively small. The difference between the two models’ prediction power is 
especially large for small sample sizes. As the sample size grows larger, both methods have comparable 
performance. At small or medium sample sizes however, beta-binomial kriging should be used.  
4. Conclusion and discussion 
In this paper, an improved method for modeling spatially correlated proportions was proposed: beta-
binomial kriging. The model was shown to provide better predictions for spatial rates than binomial 
cokriging for relatively small sample sizes. This method could prove to be a simple alternative to more 
complex spatial models for small sample sizes, such as spatial generalized linear mixed models and 
Bayesian hierarchical models. More study is needed in the future to better understand the applications and 
potential of this adjusted model. 
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Figure 4. Mean squared prediction errors (MSPE) were calculated using both beta-binomial kriging and binomial cokriging. In 
about 80% of simulations, beta-binomial kriging produced smaller prediction errors than binomial cokriging. At large sample 
sizes however, the models’ performance is comparable.
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